Introduction
The starting point of this paper is the set of existence and approximation results for convolution equations due to B. Malgrange [8] and their generalizations to spaces of nuclear entire functions of bounded type due to C. Gupta [6] .
In this context, special classes of homogeneous polynomials between Banach spaces play a crucial role. Historically, there are two abstract approaches to deal with special classes of polynomials, namely, holomorphy types and modules of homogeneous polynomials, which go back to L. Nachbin [14] and A. Pietsch [15] , respectively. Us-
The first author is supported by Fapesp, project 07/50811-4. The second author is supported by CNPq.
ing modules of homogeneous polynomials, M. Matos [12] generalized the aforementioned results to modules of (s; (r, q))-quasi-nuclear polynomials and X. Mujica [13] proved results about the Borel transform and convolution operators for modules of σ(p)-nuclear polynomials.
In this paper we show how all these cases can be generalized using holomorphy types instead of modules of homogeneous polynomials. As usual, the Borel transform is used to obtain duality results. Furthermore, convolution operators on spaces of functions of Θ-holomorphy type of bounded type are characterized and existence and approximation results for convolution equations are proved. The main point is to consider holomorphy types enjoying some special properties. In the fashion of Dineen [2] , we identify the properties a holomorphy type must enjoy for the results to hold true (see Definitions 2.3 and 3.2). The construction of the spaces of functions of Θ-holomorphy type of bounded type and the duality results using the Borel transform were also inspired by Dineen [2] .
Holomorphy types
In this work, N denotes the set of positive integers and N 0 denotes the set N ∪ {0}.
The letters E and F will always denote complex Banach spaces and E ′ represents the topological dual of E. The space of all continuous m-homogeneous polynomials from E into F is denoted by P( m E; F ) and the space of all entire mappings from E into F is denoted by H(E; F ). When F = C we write P( m E) and H(E) instead of P( m E; C) and H(E; C), respectively. Definition 2.1. A holomorphy type Θ from E to F is a sequence of Banach spaces (P Θ ( m E; F )) ∞ m=0 , the norm on each of them being denoted by · Θ , such that the following conditions hold true: (1) Each P Θ ( m E; F ) is a vector subspace of P( m E; F ).
(2) P Θ ( 0 E; F ) coincides with P( 0 E; F ) = F as a normed vector space.
(3) There is a real number σ 1 for which the following is true: given any k ∈ N 0 , m ∈ N 0 , k m, a ∈ E, and P ∈ P Θ ( m E; F ), we havê
It is obvious that each inclusion P Θ ( m E; F ) ⊂ P( m E; F ) is continuous and P
∞ m=0 be a holomorphy type from E to F . A mapping f ∈ H(E; F ) is said to be of Θ-holomorphy type of bounded type if
The vector subspace of H(E; F ) of all such f of Θ-holomorphy type of bounded type is denoted by H Θb (E; F ).
Remark 2.1. The inequality · σ m · Θ implies that each entire mapping f of Θ-holomorphy type of bounded type is an entire mapping of bounded type in the sense introduced by Gupta in [6] , that is, f is bounded on bounded subsets of E.
It is easy to see that the following result holds.
P r o o f. Given f ∈ H Θb (E; F ) and a ∈ E, let ε > 0 be such that ε a < 1. Considering σ 1 as in condition (3) of Definition 2.1, there is C(ε) > 0 such that
For each ̺ > 0 we define a natural seminorm on H Θb (E; F ) by
Condition (ii) of Definition 2.2 implies that · Θ,̺ is a well defined seminorm. Now we are considering on H Θb (E; F ) the topology generated by the seminorms · Θ,̺ , ̺ > 0. This topology is denoted by τ Θ and it is Hausdorff.
P r o o f. Since the sequence ( · Θ,n ) n∈N generates the topology of H Θb (E; F ), it follows that this topological vector space is a metrizable locally convex space. We consider a Cauchy sequence
is a Cauchy sequence in belongs to H Θb (E; F ). For every ε > 0 and ̺ > 0 we have k(ε) ∈ N such that
for all k, j k(ε). Now we pass to the limit for j tending to infinity and have
converges to f in the topology of H Θb (E; F ). If f belongs to H Θb (E; F ) we may consider Taylor's polynomial of f at 0 with degree n, given by
for all x ∈ E. Since, for each ̺ > 0, we have
be a holomorphy type from E to F . The holomorphy type Θ is said to be a π 1 -holomorphy type if the following conditions hold:
denotes the space of all m-homogeneous polynomials of finite type.
Example 2.1. (a) C. Gupta in [6] , M. Matos in [12] and X. Mujica in [13] proved that sequences of spaces of nuclear polynomials, (s; (r, q))-quasi-nuclear polynomials and σ(p)-nuclear polynomials, from E to F , satisfy conditions (1) and (2) of Definition 2.3. Hence, each of these sequences is a π 1 -holomorphy type from E to F .
(b) More generally, let (P Θ ( m E; F )) ∞ m=0 be a holomorphy type from E to F satisfying (1) of Definition 2.3 and
is a π 1 -holomorphy type.
and the inclusion mapping is continuous.
for n > j we have
is a Cauchy sequence in P Θ ( m E; F ) and converges to Q ∈ P Θ ( m E;
we have that P = Q ∈ P Θ ( m E; F ). It is obvious that the inclusion is continuous.
The next result is a trivial consequence of the previous proposition.
Corollary 2.1. For each π 1 -holomorphy type from E to F , H N b (E; F ) is contained in H Θb (E; F ) and the inclusion mapping is continuous.
where S is the closure of S in the topology of
we have
ϕ ∈ E ′ and b ∈ F , then we have
Hence ϕ m b ∈ S and, consequently,
Now if we suppose that Θ is a π 1 -holomorphy type from E to F , then we can define the Borel transform
is clear that B Θ is well-defined and linear. By (1) of Definition 2.3, we have that B Θ is continuous and B Θ T T and using (2) of Definition 2.3, we obtain the injectivity of B Θ .
We denote by
and define the norm in
Now we have an interesting result involving the Borel transform.
If the Borel transform
is a topological isomorphism onto its range, then P N ( m E; F ) = P Θ ( m E; F ) as sets, and the identity mapping
Here we are considering the usual norm on P( m E ′ ; F ′ ).
P r o o f. We use the canonical notation of (symmetric) projective tensor products used by K. Floret in [5] 
We have that the Borel transform B Θ is the transpose of Φ Θ . Since B Θ is a topological isomorphism, it follows by a classical result of Banach [1] , page 146, Théorème 2, that Φ Θ is surjective. Hence i Θ is surjective and the results follow.
then the Borel transform of T , denoted by BT , is the function on E ′ defined by
The function BT is well-defined since e ϕ ∈ H Θb (E) for all ϕ ∈ E ′ .
and there are C 0, c > 0 such that
The vector space of all these functions is denoted by Exp Θ ′ (E ′ ). 
given by BT (ϕ) = T (e ϕ ) for all T ∈ [H Θb (E)] ′ and ϕ ∈ E ′ , establishes an algebraic isomorphism between these spaces.
In particular, for each Q m ∈ P Θ ( m E) we have
it follows by Definition 2.5 that BT ∈ Exp Θ ′ (E ′ ).
The linearity is clear and the injectivity is a consequence of Proposition 2.5. Thus we only have to prove that B is surjective.
Let H ∈ Exp Θ ′ (E ′ ), then by Definition 2.5
, and there are C 0, ̺ > 0 such that
, and H m = P ′ m Θ ′ for all ϕ ∈ E ′ , and m ∈ N 0 . For f ∈ H Θb (E) we define
Hence all (s; (r, q))-quasi-nuclear m-homogeneous polynomials on E and
denotes the space of all (s ′ , m(r ′ ; q ′ ))-summing m-homogeneous polynomials on E ′ .
(c) X. Mujica proved in [13] that if E ′ has the λ-bounded approximation property and F is reflexive, then the Borel transform B σ(p) establishes an isometric isomorphism between
notes the space of all σ(p)-nuclear m-homogeneous polynomials from E into F , and
In particular, the result follows when F is equal to C.
In the same way, Theorem 2.1 was obtained in all these cases in the corresponding references.
For more details on the indexes s, r, q, s ′ , r ′ , q ′ and p, see the corresponding references.
Convolution operators on H Θb (E)
We need some notation to introduce the convolution operators. If a ∈ E and f ∈ H Θb (E), we denote by τ a f the complex function on E defined by (τ a f )(x) = f (x− a) for all x ∈ E. By Proposition 2.2 we have τ a f ∈ H Θb (E). Definition 3.1. A continuous linear mapping O : H Θb (E) → H Θb (E) is called a convolution operator on H Θb (E) if it is translation invariant, that is, for all a ∈ E and f ∈ H Θb (E), O(τ a f ) = τ a (Of ).
If we denote the set of all convolution operators on H Θb (E) by A Θ , then A Θ is an algebra with unity under the usual vector space operations and under composition as multiplication.
in the sense of the topology of
in the sense of the topology of H Θb (E).
P r o o f. (i)
It is known (see Nachbin [14] , page 29) that the following pointwise equalities are true:
for all m ∈ N 0 , and this shows thatd m f (·)(a) ∈ H Θb (E). Now, for ̺ > 0 we have
Since the last member of the inequality goes to zero as ν tends to infinity, we have proved (i).
(ii) For ̺ > 0 we have
for all m ∈ N 0 . If we choose ε > 0 such that σε̺ < 1 and a σε < 1, then we have
Since the last member of the inequality goes to zero as ν tends to infinity, we have proved (ii).
If T ∈ [H Θb (E)]
′ , then there are C 0 and ̺ > 0 such that
for all f ∈ H Θb (E). For each P ∈ P Θ ( m E) with A ∈ L s ( m E) (the space of all mlinear symmetric mappings on E m ) such that P =Â, we may define the polynomial
Now we are interested in polynomials of the type T ( ' A(·) k ) that have a certain stability property:
be a holomorphy type from E to C. The holomorphy type Θ is said to be a π 2 -holomorphy type if
Here C and ̺ are as in (3.1).
for all x ∈ E.
f ∈ H Θb (E), then T * f ∈ H Θb (E) and the mapping T * defines a convolution operator on H Θb (E).
P r o o f. By Proposition 3.1, for all x ∈ E we have
For ̺ 0 > ̺ we can write
This means that
Therefore, it follows from (3.2) that
It is clear that T * is linear. For ̺ 1 > 0 it follows from (3.3) that
Thus T * is continuous. Now we have
for all x, a ∈ E. This completes the proof that T * is a convolution operator. Now we are able to characterize all convolutions operators on H Θb (E).
be a π 2 -holomorphy type and define a map-
. This linear mapping is well-defined by Theorem 3.1. Now we have
Thus Γ Θ •Γ Θ is the identity mapping on [H Θb (E)] ′ and this completes the proof.
′ we define the convolution product of T 1 and
where
It is easy to see that [H Θb (E)] ′ is an algebra under this convolution product with unity δ given by δ(f ) = f (0) for all f in H Θb (E), and the convolution product 
Hence B(T 1 * T 2 ) = BT 1 · BT 2 as we wanted to prove.
Example 3.1. C. Gupta in [6] , M. Matos in [12] and X. Mujica in [13] proved that if E ′ has the λ-bounded approximation property, then the sequences of spaces of nuclear polynomials, (s; (r, q))-quasi-nuclear polynomials and σ(p)-nuclear polynomials from E to C satisfy the condition of Definition 3.2. Hence, each of these sequences is a π 2 -holomorphy type from E to C.
Results of the type of Theorems 3.2 and 3.3 were obtained to the corresponding cases in the corresponding references.
Approximation and existence theorems
Division theorems for entire functions play a fundamental role in proving the approximation and existence theorems for convolution equations. In order to obtain division theorems involving the Borel transform we need to introduce a new concept. Definition 4.1. Let U be an open subset of E and F (U ) a collection of holomorphic functions from U into C. We say that F (U ) is closed under division if for each f and g in F (U ) with g = 0 and h = f /g a holomorphic function on U , we have h in F (U ).
The quotient notation h = f /g means that
It is not easy to prove division results in the sense of Definition 4.1 for the spaces of entire functions of exponential type. Some examples were obtained by C. Gupta in [6] and by M. Matos in [12] for the spaces Exp(E) and Exp (s,m(r;q)) (E), respectively.
The next useful result was proved by Gupta in [6] . 
closed under division and
′ are such that T 2 = 0 and T 1 (P exp ϕ) = 0 whenever T 2 * P exp ϕ = 0 with ϕ ∈ E ′ and P ∈ P Θ ( m E), m ∈ N 0 , then BT 1 is divisible by BT 2 with the quotient being an element of Exp Θ ′ (E ′ ).
P r o o f. Let S be a one dimensional affine subspace of E. It is clear that S is of the form {ϕ 1 + tϕ 2 ; t ∈ C}, where ϕ 1 , ϕ 2 ∈ E ′ are fixed. We suppose that t 0 is a zero of order k of
Then we have T 2 (ϕ j 2 exp(ϕ 1 + t 0 ϕ 2 )) = 0 for each j < k, and this implies
for each j < k. Hence it follows that T 1 (ϕ j 2 exp(ϕ 1 + t 0 ϕ 2 )) = 0 for all j < k, and this implies that t 0 is a zero of order at least k of g 1 (t) = BT 1 (ϕ 1 + tϕ 2 ). Therefore BT 1 | S is divisible by BT 2 | S and the quotient is holomorphic on S. By Lemma 4.1 we have that BT 1 is divisible by BT 2 on E ′ and the quotient is entire. Therefore it follows by Definition 4.1 that the quotient is in Exp Θ ′ (E ′ ). Since for each f in H Θb (E), the set {T ∈ [H Θb (E)] ′ ; T (f ) = 0} is closed in weak star topology, (ii) is proved.
Our last result concerns the existence of solutions of convolution equations. The following result due to Dieudonné and Schwartz (see [7] , page 308) is needed. S(Of ) = S(T * f ) = (S * T )(f ). Thus O t S = S * T and if O t S = 0, then S * T = 0
and B(S * T ) = 0. Since O = T * is non zero it follows that BT is non zero and since B(S * T ) = BS · BT , we get BS = 0. Hence S = 0 and O t is injective. are π 1 -π 2 -holomorphy types, and the spaces Exp(E ′ ) and Exp (s ′ ,m(r ′ ;q ′ )) (E ′ ) are closed under division. In particular, we obtain Theorems 4.1, 4.2 and 4.4 for the cases of C. Gupta [6] and M. Matos [12] .
Open problems.
The following open problems related to the subject of this paper seem to be interesting: (1) Is the space Exp τ (p) (E) of X. Mujica [13] closed under division? If yes, existence and approximation results (Theorems 4.2 and 4.4) hold true for convolution equations on H σ(p) ( m E).
(2) Is there an "algorithm" similar to the one in this paper for spaces of functions of a given type and order? Results in this direction will generalize those of A. Martineau [9] , M. Matos [10] , [11] and V. Fávaro [3] , [4] .
